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Where are we? MFEE/SEE-BD and MFEE/MSN-BD

Teaching Units: Big Data for Geosciences (5 ECTS)

Course : Use of Artificial Intelligence in Forecasting (50%)

Course : Mathematical Methods of Data Exploitation (50%)

Course : Mathematical Methods for Data Exploitation (MMED)

1 Part 1: Uncertainty Quantification, H. ROUX

2 Part 2: Ensemble Methods for Data Assimilation, O. THUAL and
M. SAADI

3 Exam: Project presentations, H. ROUX, O. THUAL and M. SAADI
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How will the course be evaluated

Report containing two parts

1 Part 1: Uncertainty Quantification

2 Part 2: Ensemble Methods for Data Assimilation

Report for Part 2

About 10 pages of results

Sources of the developed post-processing programs

Oral presentation

8 mn each

Choice between Part 1 or Part 2
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What is the program of the course?

CM 1 Course presentationg1 ENGINEER APPLICATIONSg2 INCREMENTAL METHODg3 TIME DEPENDENT MODELS

TDM1 Improvement of Homework A

CM2 g Deadline for Homework Ag4 ENSEMBLE METHODS IN IRg5 ENSEMBLE METHODS IN IRN

TDM2 Programming Homework B

TDM3 Improvement of Homework B

Exam g Deadline for Homework B
Oral presentation of Part 1 or Part 2 reports
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Course notes

TU: Big Data // Course: MMED Ensemble Methods for Data Assimilation O. Thual, 24/11/2022 5 / 50



Outlines of the slides

1 ENGINEER APPLICATIONS

2 INCREMENTAL METHODS → Homework A (Ex. 2.1)

3 TIME DEPENDENT MODELS → Homework A (Ex. 3.1)

4 ENSEMBLE METHODS IN IR → Homework B (4.2.2 and 4.2.3)

5 ENSEMBLE METHODS IN IRN → Homework B (4.2.4)
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1. ENGINEER APPLICATIONS

Weater forecast and other applications

Data assimilation is part of the modelling science for researcheres and
engineers.
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Data assimilation for weather forecast

Atmospheric model:

Fluid mechanics equations for winds, pressure, temperature and humidity.
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Data assimilation chain : a minimization problem

J( ) = 1
2k � k2

B + 1
2k � G( )k2

R
<latexit sha1_base64="/mf/kTiEMqS9DGB3g+o5VPVE/vo="></latexit>

Weather

Time

Measurements
Analysis
Forecast

Model

True state
Analysis Forecast

Obs

Looking for the present weather : the analysis

A state close to both the previous forecast and the field measurments
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The standard formalism of data assimilation

The analysis minimizes a cost function

J(x) =
1

2

(
x − xb

)T
B−1

(
x − xb

)
+

1

2

[
yo − G(x)

]T
R−1

[
yo − G(x)

]

G
Background Analysis

Control states Observations

Observation operator Measurements

xb
<latexit sha1_base64="HXZCvwbP2/0XAwKpp/EQ88X9g3o="></latexit>

x
<latexit sha1_base64="9hPLF820QdtzCYmSHl79+rjFmTM="></latexit>

y
<latexit sha1_base64="mNoxA25/K/xjS2pwwlxf3Utd1yA="></latexit>

xa
<latexit sha1_base64="uc9VUH/p4mNFSYcuh61wGdl/1lU="></latexit>

yo
<latexit sha1_base64="OSQTr5KZlK1Z/RWoKGU+KH2pjW0="></latexit>

The metrics depends on the uncertainties

The N × N “background error covariance matrix” B
The M ×M “observation error covariance matrix” R
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Data assimilation for meteorology

G
Background Analysis

Control states Observations

Observation operator Measurements

xb
<latexit sha1_base64="HXZCvwbP2/0XAwKpp/EQ88X9g3o="></latexit>

x
<latexit sha1_base64="9hPLF820QdtzCYmSHl79+rjFmTM="></latexit>

y
<latexit sha1_base64="mNoxA25/K/xjS2pwwlxf3Utd1yA="></latexit>

xa
<latexit sha1_base64="uc9VUH/p4mNFSYcuh61wGdl/1lU="></latexit>

yo
<latexit sha1_base64="OSQTr5KZlK1Z/RWoKGU+KH2pjW0="></latexit>

Control Observation Observation
space operator space

3D fields: T , P, H,
U, V
Order ten millions of
grid points

Evolution model of
the primitive equa-
tions of the atmo-
sphere

Satellite data
In-situ data
Order one million of
observations
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Data assimilation for oceanography

Control Observation Observation
space operator space

3D fields: T , P, S ,
U, V
2D fields: sea surface
level
Order ten millions of
grid points

Evolution model of
the primitive equa-
tions of the ocean

Satelitte data: sea
surface temperature,
altimetry
In-situ data:
temperature,
salinity...
Order thousands of
observations
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Data assimilation for hydrology

1020 m3 /s

observations

analyse

1025 m3 /s

810 m3 /s

Control Observation Observation
space operator space

1D fields: h, U, T
Model parameters:
friction, soil water
content...
Order thousands of
grid points

Shallow water
(Saint-Venant)
equations

Satelitte data:
altimetry
In-situ data: water
height, piezometric
height
Order hundred
observations
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2. INCREMENTAL METHOD

Linearization of the observation operator

How to compute the minimum of a nonlinear cost function through a linear
approximation of the observation operator around the background state.
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How will the bore propagate?
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A very simple geophysical model

UL
hL

ho
R

x

xc(t)

W o
z

0

Mass conservation:

hL(UL −W ) = hR(UR −W ) =⇒W =
−hL UL

hR − hL

Notations x ∈ IR , G : IR → IR , y ∈ IR :

x = hR , y = W , and y = G(x) =
−hL UL

x − hL
=
−q

x − hL
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Best estimate of the height x = hR

Too much information in: x = hR , G(x) = −q
x−hL

, y = W

We know approximatively x = xb with an incertainty error σb

We know approximatively y = yo with an incertainty error σr

What is the best estimate xa of x knowing that y = G(x)?

G
Background Analysis

Control states Observations

Observation operator Measurements

x
<latexit sha1_base64="8wFfRXeBkYyYwLP3ioJGS52yMto="></latexit>xb

<latexit sha1_base64="d0E2TYm9GGwQNk976HkDB2r96Ts="></latexit>

xa
<latexit sha1_base64="IcREFeEvkL05FWZxLn0ALt+XwgU="></latexit>

y
<latexit sha1_base64="yGULS6kZfZHBZw/AKrqwLK3CmlA="></latexit>

yo
<latexit sha1_base64="TNfmhXjGW66uf0Dqp0+b9BFbYQc="></latexit>

The analysis xa minimizes the cost function:

J(x) =
(x − xb)2

2σ2b
+

[yo − G(x)]2

2σ2r
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Plotting the cost function J(x)

J(x) =
(x − xb)2

2σ2b
+

[yo − G(x)]2

2σ2r
= Jb(x) + Jr (x)

Jb
<latexit sha1_base64="Gn92o2pdM0zzywGfCpiC2QBiI7k="></latexit>

J
<latexit sha1_base64="BJtnIGaoLOJWYQ2V39LBE38kq3A="></latexit>

xb
<latexit sha1_base64="d0E2TYm9GGwQNk976HkDB2r96Ts="></latexit>

xa
<latexit sha1_base64="QLGoAUT4ISTvKgurQzU7QmiWfxA="></latexit> G�1(yo)

<latexit sha1_base64="AT2lJ5C0OBZaKJLKBcYCNZwSpUg="></latexit>

x
<latexit sha1_base64="8wFfRXeBkYyYwLP3ioJGS52yMto="></latexit>

Jr
<latexit sha1_base64="s/BWQJpWB46BQqdmoUmAJfltMKY="></latexit>

Jb(x) =
(x − xb)2

2σ2b

Jr (x) =
[yo − G(x)]2

2σ2r

with G(x) =
−q

x − hL

TU: Big Data // Course: MMED Ensemble Methods for Data Assimilation O. Thual, 24/11/2022 18 / 50



Incremental cost function

The cost function to minimize

J(x) =
(x − xb)2

2σ2r
+

[yo − G(x)]2

2σ2r
with G(x) =

−q
x − hL

Linearization of G around xb:

G(x) = G(xb + δx) ∼ G(xb) + G δx with δx = x − xb

One can compute G = G′(xb) = q/(xb − hL)2

The incremental cost function Jinc is an approximation of J :

Jinc(xb + δx) =
(δx)2

2σ2b
+

(d − G δx)2

2σ2r

where d = yo − G(xb) is the “innovation”
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Plotting the incremental cost function Jinc

Gradient of the function Jinc(xb + δx) = (δx)2

2σ2
b

+ (d−G δx)2

2σ2
r

:

J ′inc(xb + δx) =
δx

σ2b
+ G

G δx − d

σ2r
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J
<latexit sha1_base64="BJtnIGaoLOJWYQ2V39LBE38kq3A="></latexit>

Jinc
<latexit sha1_base64="faJC2S/kUJSyRdtoIPozlcWxrc0="></latexit>

xb
<latexit sha1_base64="d0E2TYm9GGwQNk976HkDB2r96Ts="></latexit>

xa
<latexit sha1_base64="QLGoAUT4ISTvKgurQzU7QmiWfxA="></latexit>

x
<latexit sha1_base64="8wFfRXeBkYyYwLP3ioJGS52yMto="></latexit>exa

<latexit sha1_base64="oUWZK1EqAz0sB80y7tcUlk/YhjM="></latexit>

J ′inc vanishes for: x̃a = xb + δ̃x
a

with δ̃x
a

= K d where:

Innovation: d = yo − G(xb)

Gain: K =

(
1

σ2b
+

G 2

σ2r

)−1
G

σ2r

or K = σ2b G
(
G 2 σ2b + σ2r

)−1
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Validity of the incremental method on the bore example

Ht
R Hb

R
<latexit sha1_base64="7QlVYBiM0OB1xeYhjWiIUAm2Eg0="></latexit>

G�1(W o)

J

Jinc

Jb
<latexit sha1_base64="yD1FJMCDjElJOXi1YcD+aJuTv+E="></latexit>

Jr

Jrinc

Ha
R

<latexit sha1_base64="ZHhWDQDAkYL5Hyl6qnPn6234c9g="></latexit>

gHa
R

<latexit sha1_base64="Wyl/bweRHgiVaMMswjjTqrWN9Ks="></latexit>

Blocked height x = HR and bore velocity y = W

G(x) =
−q

x − hL
and G = G′(xb) =

q

(x − hL)2
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Score of the incremental method for the bore experiment

Experimental values

q = 7, hL = 5 hR = x t = 17, xb = 18, σb = 1, σr = .03
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Homework A (1/2). Exo 2.1 : “How will the bore
propagate?”

Hands-on from: https://olivier-thual.fr/130202

Ht
R Hb

R
<latexit sha1_base64="7QlVYBiM0OB1xeYhjWiIUAm2Eg0="></latexit>

G�1(W o)

J

Jinc

Jb
<latexit sha1_base64="yD1FJMCDjElJOXi1YcD+aJuTv+E="></latexit>

Jr

Jrinc

Ha
R

<latexit sha1_base64="ZHhWDQDAkYL5Hyl6qnPn6234c9g="></latexit>

gHa
R

<latexit sha1_base64="Wyl/bweRHgiVaMMswjjTqrWN9Ks="></latexit>

G(x) =
−q

x − hL

G = G′(xb) =
q

(x − hL)2

1 Read program.

2 Launch program

3 Compute scores

4 Replace G
5 Count improvements
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Basic linear algebra

Vectors are 1× N or 1×M matrices

x =




x1
...
xj
...
xN




, y =




y1
...
yi
...
yM




,





xT =
(
x1, ..., xj , ..., xN

)

yT =
(
y1, ..., yi , ..., yM

)

Example of a M × N matrix considered as a linear operator:

y = H x ⇐⇒




y1
...
yi
...
yM




=




H11 ... H1j ... H1N

... ... ... ... ...
Hi1 ... Hij ... HiN

... ... ... ... ...
HM1 ... HMj ... HMN







x1
...
xj
...
xN



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Generic cost function for data assimilation

Searching the analysis xa that minimize the cost function

J(x) =
1

2

(
x − xb

)T
B−1

(
x − xb

)
+

1

2

[
yo − G(x)

]T
R−1

[
yo − G(x)

]

G
Background Analysis

Control states Observations

Observation operator Measurements

xb
<latexit sha1_base64="HXZCvwbP2/0XAwKpp/EQ88X9g3o="></latexit>

x
<latexit sha1_base64="9hPLF820QdtzCYmSHl79+rjFmTM="></latexit>

y
<latexit sha1_base64="mNoxA25/K/xjS2pwwlxf3Utd1yA="></latexit>

xa
<latexit sha1_base64="uc9VUH/p4mNFSYcuh61wGdl/1lU="></latexit>

yo
<latexit sha1_base64="OSQTr5KZlK1Z/RWoKGU+KH2pjW0="></latexit>

Control space x ∈ IRN and Observation space y ∈ IRM

Background xb known with errors εb

Measurement yo known with errors εo

Covariance background error matrix B with Bij =
〈
εbi ε

b
j

〉

Covariance observation error matrix R with Rij =
〈
εoi ε

o
j

〉
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Gradient of a scalar function

grad I (x) =

(
∂I

∂x1
,
∂I

∂x2
, ...

∂I

∂xj
, ....

∂I

∂xN

)T

x

x1

x2

grad I(x)
<latexit sha1_base64="/MSWi2fZ+2eAxmaEXhrnbThhVPs="></latexit>

iso – I
<latexit sha1_base64="AdfVgLcHbU9TLFTEcC8/blwiCdg="></latexit>
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Examples of gradient computations

I(x) grad I(x)

uT x u

uT M x MT u

xT M x (M + MT ) x

xT HT S H x H (S + ST )HT x
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Incremental cost function through a linearization of G

J(x) =
1

2

(
x − xb

)T
B−1

(
x − xb

)
+

1

2

[
yo − G(x)

]T
R−1

[
yo − G(x)

]

Linearization of G around the background xb :

G(xb + δx) ≈ G(xb) + G δx

Incremental cost function

Jinc(xb + δx) =
1

2
δxT B−1 δx +

1

2

(
d − G δx

)T
R−1

(
d − G δx

)

where d = yo − G(xb) is the innovation vector

TU: Big Data // Course: MMED Ensemble Methods for Data Assimilation O. Thual, 24/11/2022 28 / 50



Minimum of the incremental cost function

Knowing the innovation vector d = y o − G(xb):

Jinc(xb + δx) =
1

2
δxT B−1 δx +

1

2

(
d − G δx

)T
R−1

(
d − G δx

)

Gradient of the incremental cost function

grad Jinc(xb + δx) = B−1 δx − GT R−1
[
d − G δx

]

The minimum x̃a is found through grad Jinc(xa) = 0:

x̃a = xb + K d

where the gain matrix is: K =
(
B−1 + GT R−1 G

)−1
GT R−1

and is also equal to (SMW identity): K = B GT
(
G B GT + R

)−1
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5. TIME DEPENDENT MODELS

Time evolution of a system

Data are available at different times and the model is a dynamical system.
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Will the water overflow?

Reservoir model

dH(t)

dt
= −αH(t) + P with H(0) = 0

0

0.2

0.4

0.6

0.8

1

1.2

1.4

0 1 2 3 4 5

H(t)

� t

H

P

Q

P/↵
<latexit sha1_base64="PMEhg6oRUbc+d9ot4dWJuI31zFo="></latexit>

Exact solution

H(t) = (P/α) [1− exp(−α t)]

TU: Big Data // Course: MMED Ensemble Methods for Data Assimilation O. Thual, 24/11/2022 31 / 50



Assimilation of α

Measurements of yk = H(tk) to determine x = α

yo = (yo1 , ...y
o
k , ...y

o
K )T

G = (GT1 , ...GTk , ...GTK )T with Gk(α) = (1/α)[1− exp(−α tk)]

...

y G

...

Gk
<latexit sha1_base64="PaGT3AxLtH+LZjiuEwuEbuIyKJM="></latexit>

t1
<latexit sha1_base64="c3ATWAnRFESkhLFWKgpq7YB7j7M="></latexit>

tk
<latexit sha1_base64="a+gb3b7GzRgWJrNJtK8gvnOnCBQ="></latexit>

tK
<latexit sha1_base64="6zgzIaZwQ9PvpwPWDrbSO0LgzLQ="></latexit>

t
<latexit sha1_base64="tiUWIM5zRzXchm3ZOtDzc4/spok="></latexit>

Background

Analysis

Control

Observation operator

Measurements

y
<latexit sha1_base64="mNoxA25/K/xjS2pwwlxf3Utd1yA="></latexit>

yo
<latexit sha1_base64="OSQTr5KZlK1Z/RWoKGU+KH2pjW0="></latexit>

Observations

y = (y1, ...yk, ...yK)T
<latexit sha1_base64="pilhE4OAwdj8ptE40dUqfl0cnV8="></latexit>

x
<latexit sha1_base64="8wFfRXeBkYyYwLP3ioJGS52yMto="></latexit>

xa
<latexit sha1_base64="QtyZg/nkEpfavLpCejMzdUxGh1c="></latexit>

xb
<latexit sha1_base64="d0E2TYm9GGwQNk976HkDB2r96Ts="></latexit>

Cost function

J(α) =
1

2

(α− αb)2

σ2b
+

K∑

k=1

[
yok − Gk(α)2

]

2σ2r
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Incremental method for the x = α reservoir example

Red: analysis, Blue:true state, Black: background
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Assimilation of (α,P)

Measurements of yk = H(tk) to determine x = (α,P)

yo = (yo1 , ...y
o
k , ...y

o
K )T

G = (GT1 , ...GTk , ...GTK )T with Gk(α,P) = (P/α)[1− exp(−α tk)]

...

y G

...

Gk
<latexit sha1_base64="PaGT3AxLtH+LZjiuEwuEbuIyKJM="></latexit>

t1
<latexit sha1_base64="c3ATWAnRFESkhLFWKgpq7YB7j7M="></latexit>

tk
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tK
<latexit sha1_base64="6zgzIaZwQ9PvpwPWDrbSO0LgzLQ="></latexit>

t
<latexit sha1_base64="tiUWIM5zRzXchm3ZOtDzc4/spok="></latexit>

Background

Analysis

Control

Observation operator

Measurements

y
<latexit sha1_base64="mNoxA25/K/xjS2pwwlxf3Utd1yA="></latexit>

yo
<latexit sha1_base64="OSQTr5KZlK1Z/RWoKGU+KH2pjW0="></latexit>

Observations

y = (y1, ...yk, ...yK)T
<latexit sha1_base64="pilhE4OAwdj8ptE40dUqfl0cnV8="></latexit>

x
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xa
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xb
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Cost function:

J(α,P) =
1

2
(α− αb,P − Pb) B−1

(
α− αb

P − Pb

)

+
K∑

k=1

[yok − Gk(α,P)]2

2σ2r

Covariance background
error matrix:

B =

(
σ2α ρ σα σP

ρ σα σP σ2P

)
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Incremental method for the assimilation of (α,P)

Red: analysis, Blue:true state, Black: background
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Homework A (2/2). Exo3.1 : “Will the water overflow?”

Hands-on from: https://olivier-thual.fr/130202

Hb
<latexit sha1_base64="/s1YlPnIjAbiTQEJ8xk6Q5Ez5wY="></latexit>

Ht
<latexit sha1_base64="/XEwSdkvjyxFUlO/i5M5mW27ACM="></latexit>

Ha
<latexit sha1_base64="PLIBfUxFI7Hn2bDePIania+guyg="></latexit>

Pa/↵a
<latexit sha1_base64="dz5szOUeu7Dmi0QG2YsZit3KQxs="></latexit>

Pb/↵b
<latexit sha1_base64="8THBPyV+D4/6PeKsQTgP2jTygGQ="></latexit>

Pt/↵t
<latexit sha1_base64="m8bGe08+qIipDjK2EAQ/7sfSuyk="></latexit>

t
<latexit sha1_base64="XQMmaSlnsXe9egjld+Il2gvqB9A="></latexit>

H
<latexit sha1_base64="hnG9kUiU2Ev4KoLxqAVGrIdeQlQ="></latexit>

Hb
0

<latexit sha1_base64="fXpSHUqgb1OMLIUy9MuY4S6laKY="></latexit>

Ha
0

<latexit sha1_base64="BUfl5YaUEkKTZQM+kn4wAqijOU4="></latexit>

Ht
0

<latexit sha1_base64="WlRXoMni6pCskV4sM0syj8ZABOo="></latexit>

1 Read the content of
the program

2 Launch the program
with the default
parameters

3 Describe the program
algorithm briefly

4 Change parameters
and describe results

5 Enrich the program
to compute scores
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Homework A : Two exercices

Two exercices from the course notes :

Exo 2.1 : “How will the bore propagate?”

Exo3.1 : “Will the water overflow?”

Requirements

A written report : 5 pages minimum

The sources of the python program(s) or the Jupyter notebook(s)

On Moodle before the dealine
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4. ENSEMBLE METHODS IN IR

Monte-carlo experiments

Use a great number of experiments :

To compute scores

To approximate derivatives

TU: Big Data // Course: MMED Ensemble Methods for Data Assimilation O. Thual, 24/11/2022 38 / 50



Gaussian random variable

Probability density function of a gaussian random variable:

f (x) =
1√

2π σb
exp

[
−(x − xb)2

2σ2b

]
=⇒ 〈Φ(x)〉 =

∫ ∞

−∞
Φ(x) f (x) dx

40 50 60 70 80
0

0.1

0.2

0.3

0.4

0.5

40 50 60 70 80
0

0.1

0.2

0.3

0.4

0.5

40 50 60 70 80
0

0.1

0.2

0.3

0.4

0.5

20 3010 400 20 3010 400 20 3010 400

R = 100
<latexit sha1_base64="clrtwTbPEWEiXZndI/hpX+HmkUc="></latexit>

R = 25
<latexit sha1_base64="AziJgjMwZUQBBNY0+34dKNTIcVs="></latexit>

R = 400
<latexit sha1_base64="DfdLcPq8OrPSRUMGYNr0NH4BCgE="></latexit>

x
<latexit sha1_base64="W2CBoSdEzB3oWm74RUanBbeu3U0="></latexit>

xb
<latexit sha1_base64="UEYILA/x02lqwAKsBKeN9fiC+f0="></latexit>

�b
<latexit sha1_base64="GMUAv7SraT1CYQI81etNPjtlBDk="></latexit>

x
<latexit sha1_base64="W2CBoSdEzB3oWm74RUanBbeu3U0="></latexit>

xb
<latexit sha1_base64="UEYILA/x02lqwAKsBKeN9fiC+f0="></latexit>

�b
<latexit sha1_base64="GMUAv7SraT1CYQI81etNPjtlBDk="></latexit>

x
<latexit sha1_base64="W2CBoSdEzB3oWm74RUanBbeu3U0="></latexit>

xb
<latexit sha1_base64="UEYILA/x02lqwAKsBKeN9fiC+f0="></latexit>

�b
<latexit sha1_base64="GMUAv7SraT1CYQI81etNPjtlBDk="></latexit>

f
<latexit sha1_base64="5MyaC5r96l3EMf4ayVCM2Lbpzk4="></latexit>

f
<latexit sha1_base64="5MyaC5r96l3EMf4ayVCM2Lbpzk4="></latexit>

f
<latexit sha1_base64="5MyaC5r96l3EMf4ayVCM2Lbpzk4="></latexit>

Mean xb =< x > Variance σ2
b =

〈
(x − xb)2

〉
estimators:

ER =
1

R

R∑

r=1

x (r) ∼ xb and VR =
1

R − 1

R∑

r=1

(
x (r) − ER

)2
∼ σ2b

where x (r) for r = 1, ...R be R are draws of the random variable
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Convergence of the estimators

VR
<latexit sha1_base64="kmn18sD6LwnTU2ONpyuH0/jtd1E="></latexit>

ER
<latexit sha1_base64="Htiya3XilwmxD4Cu1HYwX43SeHU="></latexit>

Scores log10 |ER − xb| and log10 |VR − σ2
b|:

ER =
1

R

R∑

r=1

x (r) ∼ xb and VR =
1

R − 1

R∑

r=1

(
x (r) − ER

)2
∼ σ2b
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Computation of the gain with an ensemble method

We want to compute the gain K :

K = σ2b G
(
G 2 σ2b + σ2r

)−1
where G = G′(xb) ... without computing G !

With x (r) for r = 1, ...R of mean xb and variance σ2
b:

Compute y(r) = G
(
x (r)
)

and yb = G
(
xb
)

σ2b G ∼ Aσ
2
b G =

1

R

R∑

r=1

(
x (r) − xb

)(
y (r) − yb

)

σ2b G
2 ∼ Aσ2

b G
2

=
1

R

R∑

r=1

(
y (r) − yb

)(
y (r) − yb

)

This ensemble method approximates G = G ′(xb):
(
y (r) − yb

)
=
[
G
(
x (r)
)
− G

(
xb
)]
∼ G

(
x (r) − xb

)
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Dispersion of the ensemble used to estimate the gain

hR
<latexit sha1_base64="5AaSZKMEMX0LgSu6DDzykK2IrTU="></latexit>

W
<latexit sha1_base64="5aQBEXCC+zmbatd5Yv8etmmmo1w="></latexit>
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Approximation of G and G 2 by the ensemble method

Estimation of σ2b G (black) and σ2b G
2 (red)
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Validity of the ensemble method of the bore example

The score is |xa/x t − 1| and R is the number of members.
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Ensemble method for the assimilation of (α,P)

Ensemble method

Approximations B GT ∼ ABGT
and G B GT ∼ AGBGT

with random draws

x (r) = (αr ,P r ) for r = 1, ...R

a)

<latexit sha1_base64="MjkyJ+yicUc7onN9hJqL98owsuM="></latexit>

b)

<latexit sha1_base64="b8DeF0gjFO3MWGStruwD+oKZTA4="></latexit>

t

<latexit sha1_base64="grhH//7w686H8I6A7W1wVHEi5Kc="></latexit>

H

<latexit sha1_base64="3Qi0ArTTg8jqs2zV3v4/h4MAfWI="></latexit>

H

<latexit sha1_base64="3Qi0ArTTg8jqs2zV3v4/h4MAfWI="></latexit>

t

<latexit sha1_base64="grhH//7w686H8I6A7W1wVHEi5Kc="></latexit>

Red: analysis, Blue:true state, Black: background

TU: Big Data // Course: MMED Ensemble Methods for Data Assimilation O. Thual, 24/11/2022 45 / 50



Incremental versus ensemble method

Left (Red): Incremental for I = 100 draws
Right (Magenta): Ensemble for one draw as a function of R
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5. ENSEMBLE METHODS IN IRN

Monte-carlo experiment

Use a great number of experiments :

To approximate gradients
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Computation of the gain matrix with an ensemble method

Compute K = B GT
(
G B GT + R

)−1
... without computing G !

Let x (r) for r = 1, ...R of mean xb and covariance variance B :

Compute y (r) = G
(
x (r)
)

and yb = G
(
xb
)

B GT ∼ ABGT
=

1

R

R∑

r=1

(
x (r) − xb

)(
y (r) − yb

)T

G B GT ∼ AGBGT
=

1

R

R∑

r=1

(
y (r) − yb

)(
y (r) − yb

)T

This method approximates the Jacobian matrix G of G at xb:
(
y (r) − yb

)
=
[
G
(
x (r)
)
− G

(
xb
)]
∼ G

(
x (r) − xb

)
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Exemple with N = 30 and M = 10

Observation operator G = (GT1 , ...GTM)T and other parameters

Gi (x) = [x − 10 ∗ sin(i) e i ]
2 where (e1, ..., eN) is the canonical basis.

True state: x t =
∑N

j=1 e j . Covariance matrices: B = 0.1 I and R = I

Jb
<latexit sha1_base64="jA9ygEWhPfylEu62MPC94MH7PVk="></latexit>

Ensemble
<latexit sha1_base64="mJlD06mCI+qFUBvd9iBPleWYPHs="></latexit>

Incremental
<latexit sha1_base64="l/re9uEYvUp5OCBeken4WfVRyHA="></latexit>

J

<latexit sha1_base64="cM4LRQVW5bnrEYDlrJFyvLIrM7Y="></latexit>

lo
g
1
0
(s

co
re

)

<latexit sha1_base64="RaAyb3nPVK6jZ50iuvp4CRBU1TE="></latexit>

R

<latexit sha1_base64="fU0Zw1MbaYlI35NMNOU/8cff6DQ="></latexit>

z

<latexit sha1_base64="AI9Ns8ZUivly7aqM48uRMJLv8mk="></latexit>

Jinc

<latexit sha1_base64="MT8i6/My5Oh8ddWU5hRIkFw3X7w="></latexit>

Jr,inc

<latexit sha1_base64="PAdWYCZmwqYHJ9wrqPaNGStxrhw="></latexit>

a)

<latexit sha1_base64="6CBbpGwUmkRvoC0dpI7XLG/wa88="></latexit>

b)

<latexit sha1_base64="NmQxgriQRHpAV9FtvmcAvUzr0do="></latexit>

Plot of Jinc , Jb and Jr ,inc as a function of z for x = xa + z (xa − xb)
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Homework B : Ensemble method on a simples examples

See Jupyter notebooks from: https://olivier-thual.fr/130202

Example in IR

1 Read Sections 1.1 and 1.2 of Chapter 4

2 Program both the incremental and ensemble method for one example

Example in IRn

1 Read Sections 1.4 of Chapter 4

2 Program an ensemble method for a new example in IRn, to be
designed

Requirements

Program and present two examples

A written report : 5 pages minimum

A link to Jupyter notebooks on Moodle before the dealine
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